
..... 
c-m 1 

5 m  

inasmuch as 2 (-)I/ 
as t -+ m and ,H 

(-),, and ,H H (-)J,i (-)” vanish exponentially 
r=2 i=l 1=2 ,=2 I = ,  

I I  I (-)a/,H (-)o = X I & .  It follows, therefore, that 
,=1 i=l , = I  

I + - {  1 

where ti = N p + a  and where in the product class of initial conditions the 
bracketed term vanishes. 

The analysis for AZm follows along estahlished lines hut is considerahly 
longer. Hence we report only the result; we find that 

<cilt=o,$i> - <cilr=o,w> 
~ ‘ 2  <colr=o, $I>  <coIc=o,~> 

m 

<cOIC=O.$J> <w,$j> 

<culc=u. $I> + -4 <w, $ I >  

+ { 1 (( <czlr=o.+I> - - 1 ( < ~ l r = o , $ i > ) ~ )  
2 v 5  <~*11=0>$1~ dii <colr=c,$I> 

+-x- 1 ”  1 
d 2  j=2 52 - A; <v””l> 

<cilt=o, $j> - <colt=o, $j> <cilr=o, $I>  

<colr=o,$x> <colt=o,$1> <colr=o,$i> 

where u = N,,u and where in the product class of initial condi- 
tions the bracketed term vanishes. 
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Stochastic Simulation of the Motion, 
Breakup and Stranding of Oil Ganglia in 
Water-Wet Granular Porous Media 
During Immiscible Displacement 

The problem of immiscible displacement of oil ganglia arises in connection with 
oil bank formation and attrition during enhancwd oil recovery with flooding. A 
stochastic simulation method is developed here, which enables prediction of the 
fate of solitary ganglia during immiscible displacement in water-wet unconsoli- 
dated granular porous media. This method takes into account the local topology of 
the porous medium; the initial size, shape and orientation of the oil ganglion and 
the capillary number. For each ganglion size, hundreds of realizations are per- 
formed with random ganglion shapes for a 100 x 200 sandpack. These results a re  
averaged to obtain probabilities of mobilization, breakup and stranding as fudc- 
tions of capillary number and ganglion size. Axial and lateral dispersion 
coefficients a re  obtained as functions of the average ganglion velocity. The results 
from the solitary ganglion analysis can he used with the ganglion population 
balance equations developed in a companion publication (Payatakes, Ng and 
Flumerfelt, 1980) to study the dynamirs of oil bank formation. 

SCOPE 

K. M. NG 
and 

A. C. PAYATAKES 
Chemical Engineering Department 

University of Houston 
Houston, Texas 77004 

At the end of secondary oil recovery processes. 40 to 70% of 
the original amount of oil remains in the reservoir. Usually, 

OOOI-1541-80-3682-0419-$01.25. 
q h e  American Institute of Chemical Engineers, 1980. 

this residual oil is dispersed throughout the porous rock in the 
form of small oil ganglia (nodular blobs) each of which OCCUpieS 
one to, say, fifteen adjoining chambers of the porous medium. 
The rest of the porous space is taken by brine (formation 
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water). Enhanced oil recovery methods are designed to 
mobilize this residual oil by miscible or immiscible displace- 
ment. Optimally designed micellar flooding begins as a misci- 
ble displacement process but inevitably deteriorates to a less 
efficient immiscible mode (Healy and Reed, 1974; Healy, Reed 
and Stenmark, 1976; Nelson and Pope, 1977). In a companion 
publication (Payatakes, Ng and Flumerfelt, 1979), the dynamic 
behavior of a large population of oil ganglia undergoing immis- 
cible displacement in a water-wet granular unconsolidated 
porous medium was modeled with two coupled population 

balance equations of the birth-death m. The Brst of these 
equations applies to mobilized oil ganglia and the second to 
stranded ones. The entire model is based on a new porous 
medium model composed of a network of unit cells of the 
constricted tube type. Central among the parameters of the 
ganglion population balances are the probabilities of mobiliza- 
tion, breakup and stranding of oil ganglia as well as the axial 
and lateral dispersion coefficients. How these parameters can 
be calculated from stochastic realizations of the fate of solitary 
oil ganglia is the object of the present work. 

CONCLUSIONS AND SIGNIFICANCE 

A mobilization-breakup criterion is formulated that takes 
into account the size, shape and orientation of the ganglion, the 
kal topology of the pore space (especially the throat size distri- 
bution) and the capillary number. Samples of representative 
realizations are given to illustrate the simulation method. For 
given ganglion size and random initial shape, hundreds of 
one-step (one rheon) realizations can be performed, and the 
outcomes can be averaged to obtain the probability of mobiliza- 
tion M, the probability of breakup per rheon B, and the proba- 
bility of stranding per rheon S. This calculation was performed 
for a 100 x 200 sandpack, contact angle 8 = 0 and oil ganglion 
sizes ranging from one to over fifty elemental void spaces (see 
Payatakes, Ng and Flumerfelt, 1980). The resulting prob- 
abilities M, B and S are plotted as functions of capillary 
number, with the ganglion size as parameter. The breakup- 

mode probability density function W(u, u )  is also derived and 
plotted. Analytical expressions giving the ganglion stranding 
coefficient A and the breakup coefficient 4 as functions of the 
probabilities M, B and S are derived, and plots of h and 4 as 
functions of ganglion size and capillary number are given. 
Finally, expressions for the axial and lateral ganglion disper- 
sion coefficients, D, and D,, respectively, are derived. 

The present work, together with its companion publication 
(Payatakes, Ng and Flumerfelt, 1980) gives an approximate but 
detailed analysis of the dynamics of oil bank formation. 

The model provides a much profounder understanding of 
immiscible microdisplacement than that afforded by previous 
work, reveals several important factors that had not been 
clearly discerned in the past and points the way for further 
research. 

QUAStSTATlC CRITERION FOR THE MOBILIZATION AND 
BREAKUP OF OIL GANGLIA 

Consider a typical oil ganglion in a water-wet granular porous 
medium, Figure 1. Figure 1 is already a two-dimensional ideali- 
zation, but this does not affect the development of the criterion. 
Let us assign indices 1, 2, 3, . . . to the various interfaces 
residing at or near throats, starting with the interface which is 
located furthest downstream in the direction of the negative 
macroscopic pressure gradient ( - V P ) .  Let Poi and P,, be the 
static pressure values in the oil and water phase, respectively, 
immediately adjacent to the ith interface, and let J i  be the 

WATER 
-VP - 

Figure 1. Two-dimensional idealization of a typical oil ganglion under 
conditions of incipient rheon. For the purposes of analysis, indices assigned 
to the various oil-water interfaces starting with the one furthest 

downstream. 

curvature of that interface. Ifone considers a single interface at a 
single throat separating pools of two immiscible liquids, the only 
stable configurations are those for which the magnitude of the 
curvature J is intermediate to two limiting curvatures, the 
drainage curvature J d r  and the imbibition curvature Jf& (Mel- 
rose, 1965). If we assume that V P  is too small to effect mobiliza- 
tion of the oil ganglion, the static equilibrium at each interface is 
expressed by 

Poi - Plot = I i Y O t L '  >o 
Neglecting hydrostatic pressure differences within the gan- 
glion, we set 

(1) 

Poi = Pol ;  all i 

In calculations of this type, it is frequently assumed, for lack of 
better information, that the pressure difference between any 
two points in the aqueous phase can be calculated simply as the 
inner product of the macroscopic pressure gradient and the 
position vector difference. In our notation 

(3) 

where kil is the difference between the sition vector of the 

the distance betweel the two interfaces and Oil is the angle 
between the vectors ail and ( - V P ) .  For simplicity we have set 
G = - V P .  

.+ 
PUi - P,,  - V P  . A L g l  = GALqlcoxO~l 

i" interface and the position vector of the I? rst interface, ALfl is 

Equations (1) through (3) give 
G 
YO, 

Ji(G;B) = jl(c;e) - - ALilcosefl ; all i (4) 

Suppose we increase the magnitude of the $pressure gradient 
G very slowly, but not far enough to cause a rheon. Equations (4) 
are still valid at each G value (quasistatic equilibrium). The first 
term on the right-hand side, namely, the curvature at the 
downstream most interface, is positive and increases 
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monotonically with G, whereas the second term (including the 
minus sign) is negative and also increases in magnitude with G. 
Hence, we can separate the throatr into three classes: 
downstream throats (small hLil), where an increase of Galways 
results in a small advancement of the interface and increase of its 
curvature, upstream throats (large hLzl), where exactly the op- 
posite occurs, and midstream throats, where the curvatures 
remain nearly constant. For given G and O and ganglion configu- 
ration, the system of Equations (4) contains one equation less 
than the number ofunknowns (Ii; i = 1,2,3,  . . . }. This creates a 
closure problem. In principle, this closure problem can be 
solved rigorously by specifying the exact geometry of the porous 
medium in the neighborhood of the ganglion and by giving the 
ganglion volume, because then one can determine only one 
solution that satisfies Equations (4) as well as the fixed volume 
requirement. If this solution has no downstream appendix cur- 
vature that exceeds the drainage curvature of the corresponding 
throat, the solution can be considered as stable (we assume that 
one or more upstream curvatures may take values smaller than 
the corresponding imbibition curvature values, so long as the 
downstream curvatures do not exceed their drainage values). 
Hence, the critical value ofG necessary to induce mobilization, 
G,,, can be determined by gradually increasing the value of G 
and checking the stability ofall downstream interfaces until one 
becomes unstable. Clearly, this approach would require quite 
laborious calculations and would be ill suited for repeated use in 
stochastic simulations. 

A less rigorous but much more convenient approach is de- 
veloped below (the concepts are akin to those in Melrose and 
Brandner, 1974). Let K be the as yet unknown index of the 
throat through which the hygron will take place. We will assume 
that under incipient mobilization conditions (G = Gcr) the K t h  
throat is the one in which the curvature is closest to the smallest 
value possible in the throat in which the interface resides: 

JK(Grr; 6) =Jlb,K(e), JJ(Gcr; 0) > J l b J f O ) ;  j f K 
( 5 4  

Here,JlbJ(0) is the lower bound ofJJ, and it will be estimated 
as the curvature in a cylindrical tube with diameter equal to the 
effective diameter of the chamber into which the j “  interface 
resides. In terms of the model in Payatakes, Ng and Flumerfelt 
(1980), we set 

4 Jlb,,(e) =-cosO; all j 
a, 

In general, the value 0fJlb.K is quite small compared to the 
downstream drainage curvatures, and therefore an approximate 
estimate is adequate. This is especially true for values of Olarger 
than 20 deg and approaching40 deg when, as Melrose (1965) has 
shown, the role of the imbibition curvatures becomes entirely 
subordinate to that of drainage curvatures. Equation (5) is the 
additional information required to resolve the closure problem 
of Equations (4) and is used in lieu of the more rigorous fixed 
ganglion volume requirement. 

It is now possible to determine K by making a conceptual 
experiment (sensitivity analysis). At fixed G, let Jy’ be the 
curvature value of the downstream most interface resulting, if 
we force the curvature of thejth upstream interface to take its 
minimum valueJlb, and at the same time we block all other 
downstream throats to prevent any rheons through them from 
taking place. From Equation (4) 

Jy) (G;O) = JlbJ(0) + - ALJ,cosO,l ; all j #1 (6) 

(5b) 

G 
you 

Let 
Jl,,in(G;e) max -#)(G;O); j = 2,3, . . .} (7) 

Jlern,,, (G;O) is the minimum possible value ofJ,(G;B); otherwise 
at least one of the curvatures (IJ(G;O)j = 2,3,  . . .}would take a 
value less than its lower bound, f l b J .  Hence 

Obviously, in our hypothetical sensitivity analysis, when G 
reaches its critical value a xeron will take place through the 
downstream most throat. This hypothetical critical value of G 
can be assumed to be close to the actual critical value G,,, and 
therefore 

JP)(G,,;O) = J1.min (Grr;e) = max (IY’(Gcr;e); j = W,. . .I (9) 

Thus, the hygron index K is shown to be that for which 
]$j)(G,,;B) becomes maximum, and it can be determined readily 
if G,, is known (which it is not at this point). It can be verified 
easily that according to Equation (9), JK is the first curvature to 
reach its minimum possible value as G+G,,, in agreement with 
Equation (5). 

In order to determine a first approximate to G,?, we set 

(10) 

Drainage curvatures are given by 

(11) 

Inserting Gcr from Equation (10) into Equations (9), we deter- 
mine K. At this point there is still some uncertainty as to 
whether the value ofK just determined is the correct one, since 
we used an approximation for G,, [Equation (lo)]. Improvement 
by iteration may be possible, as will be seen below. 

The index of the throat through which the oil actually invades 
the space ofwater (xeron), ifG exceeds G,,, is denoted by I. We 
have 

Jdr,de) = JdGcr;e) , Jdr,i(@) > Ji(GCJ4 ; if1 (12) 

4 
Jdr,i = - C d  ; dl i 

di 

Now Equations (4) and (5) give 
Gcr 
You. 

Ji(G,,;O) = Jl(Gc,;O) - - ALIlcosOil ; i Z K  

G,, 
Jib.K(e)  = JdGcr;@ - - UKlCoseKl 

(13) 
You- 

which can be solved to obtain 
L r r  

yore 
Ji(Gcr;O) = J l b r ( 0 )  -C - ALK~ cOs& ; i Z K  (14) 

Equations (12) and (14) give 
Grr 

You- (15) 
Gcr 

Jdr,d@ = JB,K(e) + - ALKI cosOm 

ld+,i(e) > J l b d O )  + - ALKi CoSeKi ; i #I 
Y O l C  

For the ganglion under consideration, we define a set of 
appendix mobility factors: 

If we recall Equations (5) and (11) and set 

(17) 
4 4 

J&,i =Jdr.i (0) = - 3  1 G . K  3Jlb,K(o)  = - di ai 

Equation (16) becomes 

Equations (15) and (18) together give 
YOW 

Gcr 
(19) p K i <  P K I = - ;  if1 

Hence, the index I is shown to be the one for which 

PK, = max {&I; i = 1,2, . . .} (20) 

and can be determined from Equation (20), since the hygron 
index K is tentatively known. 
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A better approximation to G,, is now possible by setting 

At this point one must use the updated value ofG,, to deter- 
mine an undated value of K from Equation (9). If the new value 
of K differs from the value of the first iteration, the entire 
procedure is repeated until both K and I values remain un- 
changed. 

In the way of a summary, the mobilization breakup criterion is 
given below in algorithm form, as it applies to the porous 

/medium model developed in Payatakes, Ng and Flumerfelt 
(1980). 

1. Assign indices i=1,2, . . . , N,,, to all gate unit cells 
starting with the one furthest downstream. 

2. Determine a first approximation to the value of the critical 
pressure gradient needed for mobilization, G,,, from Equation 
(10). 

3. Determine the hygron index K from Equation (9). 
4. Determine the xeron index I from Equation (20). 
5.  Determine a better approximation to G,, from Equation 

(21). 
6. Use the updated value ofG,, and iterate steps 3 to 5 until no 

more changes inK, I and G,, are observed. As it turns out, one to 
two iterations are usually all that is needed. Then proceed to 
step 7. 

7. Mobilization will take place if the applied pressure gradient 
VP,, exceeds G,, in magnitude: 

- VP,, > Gc,+ mobilization 
- VP,, < G,, 4 stranding (22) 

This criterion can also be expressed as 

>I 4 mobilization - - P K I -  

Equivalently 

If the hygron index K is located somewhere in the middle of 
the ganglion, and the ganglion thickness at that point consists of 
only one CEVS (the one about to be invaded by the wetting 
phase), the oil ganglion fissions into two daughter ganglia (very 
infrequently into three). 

The present criterion is more realistic than and supercedes 
that developed in Paytakes e t  al. (1977) and used in Payatakes 
et  al. (1978 a, b). That earlier version of the criterion was found 
to exaggerate somewhat the role of the upstream interface cur- 
vatures. 

STOCHASTIC SIMULATION OF THE FATE OF SOLITARY 
GANGLIA 

In order to initiate a stochastic realization of the fate of a 
ganglion, one needs to specify, among other things, the initial 
shape of the ganglion. To this end we chose to generate random 
initial ganglion shapes. This can he done readily by considering 
the porous medium model network and by randomly assigning 
oil to conceptual elemental void spaces (CEV’s) until the re- 
quired number of adjoining oil filled CEVS’s is obtained. Two 
examples of computer generated two-dimensional random 
shapes of nine CEVS ganglia are shown in Figure 2. 

The rationale behind this approach is that even though oil 
ganglia tend to acquire elongated configurations (see below), 
this tendency is spoiled by the frequent fissioning and coales- 
cence that the ganglia undergo. Of course, there is no evidence 
that fission and coalescence completely overshadow a certain 
streamlining of the oil ganglia. For lack of experimental informa- 
tion, we will proceed on the assumption of completely randomly 
shaped ganglia. Future work may have to be modified to account 
for ganglion slenderization. 

The algorithm for the computer aided simulation of ganglia 
fates is given below. For simplicity, it is based on the two- 
dimensional version of the cubic network. This is equivalent to 
assuming the pressure gradient to be parallel to one of the 
families of network planes and, further, to assuming that rheons 
normal to those planes are not permissible. To avoid any direc- 
tional bias, the pressure gradient is taken parallel to the bisector 
of the right angle formed by the two main axes on the network 
plane. 

1. Specify the constriction size distribution and other perti- 
nent geometric characteristics of the porous medium model (see 

Figure 2. Two examples of computer generated two-dimensional random shapes of nine CEVS ganglia. 
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Figure 3. Typical realization of the fate of a nine CEVS ganglion intro- 
duced randomly into a 100 X 200 sandpack for capillary number N,, = 
1.07 x (a) Initial ganglion; (b) through (9) show the positions and 
shapes of the ganglion resulting from six successive rheons. (h) With the 
seventh rheon the ganglion fissions in two daughter ganglia. It so hoppens 
here that the small daughter ganglion remoins stranded whereas the large 

one takes at least one more step. 

Payatakes, Ng and Flumerfelt, 1980) corresponding to the po- 
rous medium prototype under consideration. 

2. Assign random values to the throats of all unit cells in a 
sufficiently large segment of the model network based on the 
constriction size distribution (see Payatakes, Ngand Flumerfelt, 
1980). 

3. Spec+ the capillary number, Nca,  value. 
4. Specify the desired ganglion size (say, nine CEVS). 
5. Generate a randomly shaped ganglion of the specified size, 

within the Dorous medium model network. 
6. Record the present position of the ganglion (coordinates of 

all CEVS’s) 
~ - I  

~~ 

7. Apply the mobilization-breakup criterion. If no mobiliza- 
tion is predicted, go to step 9 and record stranding at the present 
position. If breakup is predicted, go to step 9 and record breakup 
and the mode of breakup (sizes and positions of daughter gan- 
glia). If mobilization without breakup occurs, update the position 
of the ganglion (delete coordinates of the CEVS invaded by 
water and add the coordinates of the CEVS invaded by the oil 
ganglion); then go to step 8. 

8. Iterate steps 6 to 8 until breakup or stranding occurs. 
9. Stop the computations and report the terminal event 

(strandin or breakup). 

it leads to core memory waste, especially in cases of sizeable 
ganglia requiring large network domains. In such cases it is far 
better to assign dimensions only to the gate unit cells as needed; 
the results are equivalent. 

It shou 7 d be added that step 2 is used for convenience and that 

Sample Stochastic Simulation of Ganglion Fate 

As a basis for sample stochastic simulations we chose a 100 x 
200 sandpack of porosity E = 0.395. The constriction size distri- 
bution and other pertinent geometric parameters were deter- 
mined in Payatakes, Ngand Flumerfelt (1980). A typical realiza- 
tion of the fate of a nine CEVS ganglion in the 100 x 200 
sandpack with 13 = 0 and with N(. ,  = 1.07 x lC3 is shown in 
Figure 3. The ganglion undergoes seven rheons before it fissions 
into two daughter ganglia. It so happens in this example that one 
daughter ganglion remains stranded, while the other executes at 
least one more rheon. 

Geneml Conclusions 

In general, mobilized oil ganglia demonstrate a definite ten- 
dency to become long and slender as they undergo successive 
rheons and also to align themselves closely with the macroscopic 
flow. In addition to these observations, the main lesson to he 
learned is that almost certainly, and after relatively few rheons, 
solitary oil ganglia either get restranded without fissioning or 
first fission into daughter ganglia and then the latter get 
stranded. Hence, very small microdisplacement efficiency is 
expected in the absence of vigorous coalescence between collid- 
ing ganglia, even in the case of large ganglion populations (see 
also Payatakes, Ng and Flumerfelt, 1980). Frequent collisions 
and coalescence between ganglia tend to produce fewer and 
larger ganglia, which have higher velocities and smaller prob- 
abilities of stranding. If the effects of collison coalescence on the 
ganglion population dominate those ofbreakup restranding, the 
conditions for oil hank formation are favorable. Otherwise the 
mobilized oil ganglia deteriorate by breakup into smaller and 
more numerous ones, which eventually get stranded anew. 

Insufficient rates of coalescence can be caused by small prob- 
ability of coalescence given a collision between two ganglia, due 
to stabilizing films of dissolved or suspended substances at oil- 
water interfaces, small rate of collisions between ganglia due to a 
sparse initial population (small residual oii saturation); a combi- 
nation of the two. 

That coalescence plays a central role in determining the ef- 
ficiency of micellar flooding is a fact known to reservoir engi- 
neers both from laboratory and field tests. In more recent years, 
Wasan and his co-workers (1978, 1979) have focused attention 
on this relation and its importance. The results of the present 
study are in accord with previous experience; beyond this, they 
make possible for the first time a fundamental quantitative 
assessment of the role of coalescence, as well as of other 
physicochemical, geological and operational factors on mi- 
crodisplacement efficiency. 
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Figure 5. Plot of the probabilities of mobilizotion M ,  breakup per rheon 8 
ond stranding per rheon S for two CEVS ganglia in o 100 X 200 sandpack 

vs. capillary number. 
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F iu re  6. Plot of the Probabilities of mobilization M, breakup per rheon 6 
and stranding per rheon S for three CEVS ganglia in  a 100 x 200sandpack 

vs. capillary number. 

2 

Figure 7. Plot of the probabilities of mobilizotion M, breakup per rheon 6 
ond stranding per rheon S for five CEVS ganglia in a 100 X 200 sandpack 

vs. capillary number. 

PROBABILITIES OF MOBILIZATION, BREAKUP AND 
STRANDING 

derive their importance. Furthermore, ifwe accept the premise 
that for given ganglion size the original random ganglia shapes in 
the stochastic simulations are representative of the shapes that 
such ganglia take during their brief lives, then M ,  B and S can 
also be interpreted as 

M = Pr {the ganglion gets mobilized whole from its present 

B = Pr {the ganglion fissions during the current rheon} (26) 
S = Pr {the ganglion gets stranded at its present position} (27) 

irrespective of whether we consider the first rheon or a sub- 
sequent one. 

Obviously 

position} (25) 

M + B + S = l  (28) 

Consider a porous medium in which the aqueous phase is 
moving under the influence of a pressure gradient VP. Suppose 
now that we introduce into this medium a single randomly 
shaped oil ganglion. There are three possible events that may 
follow: the oil ganglion undergoes at least one rheon without 
breaking up in the process, the oil ganglion, or part of it, 
mobilizes but breakup occurs immediately and the oil ganglion 
remains stranded at the position in which it was placed. We will 
denote the probabilities of these events as M ,  B and S, respec- 
tively. Obviously, M, B and S are functions of all geometrical, 
physicochemical and operational variables that affect the fate of 
solitary oil ganglia. Actually, they incorporate most of the factors 
that govern the fate of solitary ganglia, and it is thereof that they 
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From the preceding analysis it becomes clear that for a given 
porous medium the probabilities M, B and S are functions of 
ganglion size and capillary number Nca .  They can be calculated 
readily by making a large number (say a few hundred) realiza- 
tions with the algorithm given earlier in this paper, but stopping 
each realization after the first rheon. By simple enumeration of 
the various outcomes and formation of the Occurrence fraction 
for each outcome, one obtains the values of M, B and S for the 
particular ganglion size and capillary number (for the poruus 
medium under consideration). 

A related variable of fundamental importance (see Payatakes, 
Ng and Flumerfelt, 1980) is the breakup mode probability, 
which is defined as 

W(u,u)Au = Pr {A moving u ganglion divides into 
two daughter ganglia, one ofwhich 
is a v ganglion, given that the u 
ganglion is undergoing fission} (29) 

This probability can also be calculated from the same set of 
realizations used to calculate M, B and S .  

Nwber of reolbationr at 
eoch copillary number 8900 

10-5 10-4 10-3 162 
Cupilkry number, Nca 

Figure 9. Plot of the probabilities of mobilirotion M, breakup per rheon 8 
and stmnding per rheon S for fifteen CNS ganglia in a 100 x 200 

sandpack vs. capillar). number. 
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Figure 1 1. Plot of the probabilities of mobilization M, breakup per rheon B 
and stranding per rheon S for forty-two CEVS ganglia in  a 100 x 200 

sandpack vs. capillary number. 
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Figure 12. Plot of the probabilities of mobilizationM, breakup per rhcon8 
and stmnding per heon S for fifty-one CEVS ganglia in a 100 x 200 
sandpock vs. capillary aumbcr. 
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Figure 13. Plot of the probability of stranding per rheon S vs. dimensionless ganglion size for various capillary numbers. 

Sample Calculations of the Probabilities M, B, S and W 

To demonstrate the feasibility and utility of the method, we 
calculated M ,  B ,  S and W for a 100 x 200 sandpack, 0 = 0 and 
ganglia sizes from one to fifty-one CEVS over the entire range of 
capillary numbers ofinterest. Typical M ,  B and S vs. Nca results 
are plotted in Figures 4 to 12. The dependence ofS on ganglion 
size is given in Figure 13 for several capillary number values. 
WAu vs. u results are plotted in Figure 14. Plots 4 to 14 were 
obtained for solitary ganglia but apply equally well to members 
oflarge ganglia populations. The only adjustment necessary is in 
calculating the capillary number value to be used in reading the 
plots. The value of Nca/knc should he used, rather than that of 
N,,, in order to compensate for the increase in the pressure 
gradient required to maintain the same value of the superficial 
velocity of the aqueous phaseVf. An analytical expression giving 
the relative permeability k,,,. as function of water saturation S,. 
was developed in Payatakes, Ng and Flumerfelt (1980). 

Some interesting conclusions can be drawn from these calcu- 
lations: 

1. For each ganglion size, there is a critical capillary number 
below which the stranding probability per rheon, S, is non- 
negligible. 

2. The probability of stranding per rheon is virtually unity at 
small capillary numbers (as expected) and decreases rapidly with 
NC., and ganglion size; it is negligible for large ganglia (say > ten 
CEVS and N( . ,  > 3 x (in complete agreement with previ- 
ous work). 

3. Once the probability of mobilization M becomes finite, the 
probability ofbreakup per rheon B becomes finite too (except for 
one CEVS ganglia). 

4. The probability of breakup per rheon B rises in a relatively 
small range of capillary number values from nil to a constant 
value. The plateau begins at the point where the stranding 
probability S virtually vanishes. The plateau value ofB is -0.02 
for two CEVS ganglia, goes through a maximum ofO. 17 for three 
CEVS and four CEVS ganglia and remains in the range 0.10 to 
0.17 for larger ganglia. 

5. The implication from observations (3) and (4) is that 
mobilized solitary ganglia (2 two CEVS) are destined to either 
get restranded whole or to break up in daughter ganglia, which 
subsequently get stranded. One of these terminal events is 
expected to happen after relatively few rheons (no more than 
thirty to fifty). 

6. In a population of noninteracting ganglia, significant oil 
recovery can only be expected for capillary numbers larger than 

the value effecting complete mobilization ( M =  1) of one CEVS 
ganglia, that is, Nca > - lo-'. 

7 .  The breakup of large oil ganglia is much more likely to 
produce daughter ganglia of widely different sizes (one large, 
one small) than daughter ganglia ofcomparable sizes, Figure 14. 
This, of course, was expected, in view of the fact that breakup 
occurs at thin ganglion sections, which are rare in the middle of 
large ganglia. They usually occur at peripheral appendages. 

These conclusions suggest rather clearly the reasons for which 
the ganglion population balance approach developed in 
Payatakes, Ng and Flumerfelt (1980) is necessary to analyze the 
phenomena associated with oil-bank formation and/or attrition. 
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Figure 14. Plot of the breakup mode probability vs. daughter ganglion size 
v with the mother ganglion size u as parameter. The symmetrical right half 

of the plot is not shown. 
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Figure 15. Plot of the normalized expected axial distance traveled per 
rheon vs. dimensionless ganglion size. The bars indicate systematic de- 
crease of s,/e with increasing capillary number in the range of capillary 

numbers investigoted ( I  O-'<N<.,< 

THE STRANDING COEFFICIENT A AND THE BREAKUP 
COEFFICIENT r#~ 

Payatakes, Ng and Flumerfelt (1980) expressed the effects of 
stranding and breakup on oil ganglion dynamics in terms of the 
stranding coefficient and the breakup coefficient 9. These are 
defined by 

") = - An (30) 

= - +n (31) 

az due to stranding 

I t  can be shown (see appendix) that A and 4 are given by 

(32) 

(33) 

where s, can be easily determined from stochastic simulations. 

Sample Calculations of %, A and I$ 

Profiles of s,, A and + for a 100 X 200 sandpack and 0 = 0, 
calculated from computer simulations and Equations (32) and 
(33), are plotted in Figures 15, 16, and 17, respectively. As can 
be seen, sz is a monotonically decreasing function of ganglion 
size, since a single rheon has a diminishing effect on the coordi- 
nates of the centroid of the ganglion, as the size of the latter 
increases. The stranding coefficient A, which has dimensions of 
inverse length, is, as expected, a monotonically decreasing func- 
tion ofNca and ganglion size. The breakup coefficient + has also 
dimensions ofinverse length and increases with ganglion size, at 
least in the range investigated. This would be a much more 
serious danger were it not for the fact that, as Figure 14 shows, 
large ganglia usually lose only small parts of their body during 
each fission and therefore retain their volumes relatively intact. 
On the other hand, collison and coalescence between two large 
ganglia is a significant (for them) event, substantially assisting 
the two merging ganglia to contribute to oil bank formation. 

Figure 14, together with Figures 4 to 13, explains the origin of 
the one to ten CEVS ganglia that comprise the main volume of 
residual oil at the end of secondary flooding. These small ganglia 
are generated by breakup from larger oil blobs (attrition) and 
almost immediately fall behind and get stranded owing to the 
small capillary number which characterizes secondary floods 
(say Nca = 

NCO 
Q 3.ox 10;~ 
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0 I . 0X  10:; 
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Figure 16. Plot of the dimensionless stronding coefficient vs. dimension- 
less ganglion size for various capillary numbers. 

AXIAL AND LATERAL GANGLION DISPERSION COEFFICIENTS 

An order of magnitude estimate ofD, and D, for v ganglia can 
be obtained as follows. Consider a v ganglion during the period 
between timet=O, when it gets mobilized, and the time when it 
gets stranded, or it fissions. Assume that the ganglion undergoes 
rheons at constant time intervals <tr> and that during each 
rheon the center of gravity of the oil ganglion is displaced by a 
distance Az in the axial direction z and by a distance Ax in the 
lateral direction x (we consider here  the simplified two- 
dimensional network case). Both & and Ax are random vari- 
ables, but whereas & is always positive and has expected value 
<Az> = s,>O, hr can be either positive or negative and 
<Ax> 4. Consider now an observer that starts moving with the 
ganglion at  t = 0 but travels with constant velocity Gz(u;uJ. Rela- 
tive to this observer, the v ganglion executes a random walk, 
which can be  considered as being composed of two random 
walks, one along z and one along x. We set then 

(Ax - < A x > ) 2  - (Ax)*  
2<tr> 2<t,> 

-~ D, = 

and 

(34) 

0.8 t 
8 
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Figure 17. Plot of the dimensionless breakup coefficient vs. dimensionless 
ganglion size for various capillory numbers. 



where we have set &s = <Azz>. Observing now that Ez = 
sJ<tr>, we get 

(36) 

Since and (az)’ can be obtained readily from the same 
realizations used to determine M ,  B ,  S and s,, the problem of 
calculating D ,  and D ,  is reduced to that ofdetermining G,. Once 
again, the average ganglion velocity Ez emerges as a key param- 
eter in this model (see also Payatakes, Ngand Flumerfelt, 1980). 
I t  is very unfortunate that there is only scarce experimental 
information and no theoretical analysis concerning Ez. This may 
be due, in part, to the fact that without benefit ofa model such as 
the present one, the need for correlations or theoretical expres- 
sions for tiz had not been felt. An attempt to study this problem 
theoretically is confronted immediately by great difficulties, and 
a successful solution will certainly require a major effort. Work is 
currently underway at our laboratory to obtain at least an ex- 
perimental correlation, giving ir, as a function of ganglion size, 
porous medium geometry and operational and physicochemical 
variables. 

It should be pointed out here that Equations (36) and (37) are 
only rough approximations which are based on a number of 
assumptions, not least of which is the premise that the waiting 
time for each rheon is always the same. Actually, the waiting 
time for a rheon t ,  is a random variable, and this factor contrib- 
utes to further increase the effective dispersion coefficient val- 
ues. 
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NOTATION 

ai 
*I, gz = parameter vectors 
B ( u ; ~ , )  = probability of breakup of a v ganglion per rheon 
D,(u;g1), D,(u;gJ = axial and lateral dispersion coefficients 

dr 

G,, 

I 

ij 

Jdr,i 

J&,i 

l i  

1lb.j  

1:” 

K 

= maximum diameter of the extended it” gate unit cell 

for moving v ganglia 
= minimum diameter of the i‘“ unit cell 

= critical value of IVPI at which a given ganglion gets 

= index of the gate unit cell through which the xeron 

= dummy indices used to identify gate unit cells (or- 

= drainage curvature in the it” gate unit cell 
= value of Jdr,( for zero contact angle 
= interface curvature in the i“ gate unit cell 
= lower hound of interfacial curvature in the (ex- 

= curvature defined by Equation (6) 
= curvature defined by Equation (7) 
= index of the gate unit cell through which the hygron 

G = lVPl 

mobilized 

takes place 

throats) 

tended)jlh gate unit cell, Equation (5) 

takes place 

k,, = relative permeability to water 
L* = maximum ganglion length projected on the main 

c = length of periodicity of the porous medium 
M(u;gz) = probability that a v ganglion will undergo at least 

N,,  
Nca = p,,,V~lyoW =- capillary number 
No,, 
n(z,t;u)Au = number of moving v ganglia per unit reservoir 

no = initial value of n in the derivation of A and 4 (see 

P = pressure 
Pol, P,,.t = pressure in the oil and water phases, respectively, 

next to the interface in the if” gate unit cell 
S(u;g,) = probability that a v ganglion introduced randomly in 

the porous medium will find itself stranded before a 
single rheon takes place 

flow direction 

one rheon from its present position 
= appendix mobilization number, Equation (23) 

= number of gate unit cells of a given ganglion 

volume 

Appendix) 

S W  = water saturation 
sz = expected length of travel of the center of gravity of a 

v ganglion in the axial direction, per rheon 
t = time measured from the initiation of the flood 
tr = waiting time for a rheon (time between successive 

E2(u;al) = mean velocity of the centerr of gravity of v-ganglia in 

Vr 
W(u, u)Au = probability that a moving u ganglion undergoing 

fissioning will break into two daughter ganglia, one of 
which is a v ganglion 

rheons) 

the axial direction 
= superficial velocity of the flood 

X = lateral Cartesian coordinate 
z = Cartesian coordinate in the direction of the flood 

Greek Letters 

p(z,t;u)Au = number of fission events that have happened to a 
traveling slug of v ganglia, per unit volume (see 
Appendix) 

P K I  

yo, 
h L i j  

j ,  for a given ganglion 
s 

pendix) 
E = porosity 
8 

8~ 

= appendix mobility factors, Equation (16) 
= maximum value among P K i  for a given ganglion 
= interfacial tension at the oil-water interface 
= distance between two constrictions, denoted byi and 

= thickness of the traveling slug of v ganglia (see Ap- 

= apparent contact angle, as measured from the wet- 
ting phase 

= angle between the line connecting gate constriction i 
to gate constrictionj and the macroscopic flow direc- 
tion 

X(u;g,) = stranding coefficient 
P W  
cr(z,t;u)Au = number of stranded v ganglia per unit volume 
7 
4(u;gz) = breakup coefficient 

= dynamic viscosity of water 

= transformed time, Equation (A2) 
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APPENDIX 

Derivation of Equations (32) and (33) 
Consider an initial population of v ganglia distributed between two 

planes, which are normal to the main flow direction z and are separated 
by a small distance 6. The distance 6 is assumed to be comparable to sz. 
Assume that at timet = 0 an immiscible flood with superficial velocityVf 
starts flowing past the oil ganglia. Ifwe neglect axial dispersion (which is 
permissible for a small distance), we conclude that the v ganglion 
population will begin migrating downstream as a slug with velocity 
Ez(o;g,), being however decimated in the process by stranding and 
breakup. 

Subject to the assumptions of the present analysis, the popu- 
lation balance equation for moving v ganglia developed in Payatakes, Ng 
and Flumerfelt (1980) is reduced to 

an(z,t;o) an(z, t;u) 
at az 

+ %(u;gJ ~ 

= - %(u;gl) [A(o;g~) + 4(o;gdln(z,t;o) (Al l  

Let a transformed time variable T be defined as 

Clearly, Tis constant for an observer moving with the slug ofv ganglia. It 
can be shown easily that Equation (Al) is transformed into 

Integrating, we get 

n(z,T;w) = n&xp[ - ( A  + 4)z] ; (moving v ganglia) (A4) 

where no is the initial value of n. 
We proceed now to make an overall v ganglion balance as follows. 

Consider the v ganglion slug first at position z and then at adownstream 
position z + Az, where Az is assumed to be relatively small (say, Az < 
lot. For a cross-sectional area A,., we have 

= - A;i$n(z + Az,~;u)-n(z,~;u)]Aw (A5) ong the length Az I 
stranded along the = A,Azo(z+~lAz,~;o)Ao (AS) 
number of v ganglia 

number of v ganglia 

1 
I 

[length Az 

{the length Az 
that fissioned along = A,AzP(z + r)ZAz,7;u)Ao (A7) 

where n(z. T;U)AU is the number of moving v ganglia per unit volume, 
U(Z,T;U)AU is the number of stranded v ganglia per unit volume, 
P(z,~;o)Aois the numberofvganglionfissions perunitvolumeandq,, vr 
are some position constants from the interval (0,l). 

An overall v ganglion balance gives 

n(z + Az,T;u) - n(z,T;u) 
Az = 4 2  + l ) l h z , T ; U )  

+ P(z + T z k T o )  
- 6  

Letting &+O, we get 

- 6 - = u + P ; (overall v ganglion balance) (A8) (3 
Equations (A3) and (A8) together give 

u + P = 8(A + 4)n (A9) 
Since u and P are proportional to A and 4, respectively, all other 

factors being the same, we have 

Solving Equations (A9) and (AIO) for u and P, we get 

u = 6An = G&exp[ - (A + 4)z] 

P =  64n = 64n,,exp[ - ( A +  4)zJ 
(All) 

(‘412) 
In order to connect A and 4 to the basic probabilities M, B and S, we 

consider the progression of the v ganglia slug as a random walk process. 
Clearly, the expected concentration of moving v ganglia after n rheons 

is n a ” .  This expression is set equal to the value predicted by Equation 
(A4) to get 

noM” = noexp[ - (A + 4)ns2] 
Solving for (A + +), we obtain 

1 

SZ 
A +  + =  --InM 6413) 

We proceed by making a stranded ganglion balance considering only 
one rheon. We get 

Y+liZ 

G(nAo)A,S = \:(uAo)Ac dz 

Invoking Equation (Al l ) ,  we get 

If we recall Equation (A4). the last equation reduces to 

Equations (A13) and (A14) give 

A s=- 
( A  + 4) - 

Similarly, we get 

B = -  ’ (1 - M) 
(A + 4) 

Dividing Equations (A15) and (A16), we also get 

S A  
B ( b  

- (A17) 

Equations (A13) and (A17) can be solved for A and 4 to get Equations 
(32) and (33). 
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